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This paper deﬁnes a new type of matrix (which will be called a
centro-invertible matrix) with the property that the inverse can be
found by simply rotating all the elements of the matrix through
180 degrees about the mid-point of the matrix. Centro-invertible
matrices have been demonstrated in a previous paper to arise in
the analysis of a particular algorithm used for the generation of
uniformly-distributed pseudo-random numbers.
An involutory matrix is one for which the square of the
matrix is equal to the identity. It is shown that there is a one-to-
one correspondence between the centro-invertible matrices and
the involutory matrices. When working in modular arithmetic this
result allows all possible k by k centro-invertible matrices with in-
teger entries modulo M to be enumerated by drawing on existing
theoretical results for involutory matrices.
Consider the k by k matrices over the integers modulo M. If M
takes any speciﬁed ﬁnite integer value greater than or equal to two
then there are only a ﬁnite number of such matrices and it is valid
to consider the likelihood of such a matrix arising by chance. It is
possible to derive both exact expressions and order-of-magnitude
estimates for the number of k by k centro-invertible matrices that
exist over the integersmoduloM. It is shown that order(
√
N) of the
N = M(k2) different kby kmatricesmoduloM are centro-invertible,
so that the proportion of these matrices that are centro-invertible
is order(1/
√
N).
© 2010 Elsevier Inc. All rights reserved.
∗ Address: 4 Nuthatch Close, Creekmoor, Poole, Dorset BH17 7XR, United Kingdom. Tel.: +44 0 1305 217440.
E-mail addresses: roy@wikramaratna.fsnet.co.uk, WikramaratnaR@rpsgroup.com
0024-3795/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2010.08.011
R.S. Wikramaratna / Linear Algebra and its Applications 434 (2011) 144–151 145
1. Introduction
Let Jbe the kby kmatrixwith all components equal to 1 on the anti-diagonal and zeroes everywhere
else, so that jpq (the p, q component of the matrix J) is equal to 1 when p + q = k + 1 and is equal to
zero everywhere else. Deﬁne thematrix centro-rotation operationXR on amatrixX to be a component-
wise 180 degree rotation about the centre of the matrix (which is equivalent to reversing the order of
both the rows and the columns of the matrix). Thus it follows that XR = JXJ. In this paper a matrix
is deﬁned to be centro-invertible if X−1 = XR. The paper focuses in particular on matrices that are
centro-invertible when working in modular arithmetic modulo a large integerM.
The fact that centro-invertible matrices arise naturally in a real application makes them worthy of
study. The ACORN pseudo-random number generator was ﬁrst proposed byWikramaratna [1] in 1989
as a method for generating uniformly-distributed pseudo-random numbers. Subsequent theoretical
analysis led to a demonstration (Wikramaratna [2]) some 20 years later that the ACORN random
number generator is a special case of a matrix generator, implemented in modular arithmetic modulo
M, forwhich thematrix turnsout tobecentro-invertible. Thecentro-invertiblepropertywasdiscovered
as a result of attempts to understand and explain the theory underlying the ACORN algorithm.
The term ‘centro-invertible’ is one which the author has not previously seen used in the literature.
In fact, this type of matrix does not appear to have been described previously in any published work
apart from [2], nor do there appear to be examples of this type of matrix arising in other applications.
A key aspect of the present paper is the relationship between centro-invertiblematrices and involu-
tory matrices. An involutory matrix is one which is self-inverse (see, for example, Higham [3], chapter
6). Motivation for the study of involutory matrices has been provided over a period of many years
by an application to cryptography. In homogeneous linear substitution ciphers, groups of characters
in a message are represented by numeric vectors, and the message is enciphered by multiplying the
vectors by a matrix, using modular arithmetic. When this approach was ﬁrst considered by Hill [4] in
the late 1920s, the implementation ofmatrix–vectormultiplicationwas a real issue, even formoderate
sized matrices and vectors. In the case where the matrix was involutory, the same matrix could be
used both for enciphering and deciphering the message, so that a single device could be constructed
and used for both purposes. Although subsequent developments of digital computing mean that this
method of encryption and decryption has long been superseded by more sophisticated algorithms, it
led to a huge interest in the study of involutory matrices and their properties over a period of many
years.
The main theorem in the present paper relates to the relationship between centro-invertible ma-
trices and involutory matrices; an important consequence of this theorem is that standard results
concerning involutory matrices can be translated into corresponding results for centro-invertible
matrices, and vice-versa. In particular it allows the derivation and proof of a number of corollaries
concerning the number of k by k centro-invertible matrices that exist over the integers modulo M,
whereM can take any ﬁnite value. The proofs make use of existing analysis and results concerning the
number of k by k involutory matrices that exist over the integers moduloM.
The ﬁnal section of the paper contains some numerical evaluations of the numbers of suchmatrices
that exist for a range of values ofM and k. In addition to the exact expressions for the number of k by
k centro-invertible matrices that exist over the integers modulo M, it is possible to derive order-of-
magnitude estimates that aremuch simpler to evaluate, particularly for large k,M. Out of theN = M(k2)
different k by k matrices modulo M, order(
√
N) turn out to be centro-invertible; thus the proportion
of these matrices that are centro-invertible is order(1/
√
N).
2. Centro-invertible matrices
2.1. Examples of centro-invertible matrices
For any value of k, the k by k identity matrix I, and the k by k matrix J deﬁned above, are both
trivial examples of centro-invertible matrices, as indeed are –I and –J. It is clear that all four of these
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matrices are also involutory, demonstrating that amatrix can be both centro-invertible and involutory;
in addition these matrices are all also centro-symmetric. In fact it is possible to show that a matrix
having any two of these properties (centro-invertible, involutory, centro-symmetric) must necessarily
also possess the third.
It is straightforward to verify that the following are examples of matrices that are centro-invertible
modulo 16 although they are not involutory modulo 16. The way in which these particular examples
have been constructed will be discussed at the end of the next section.
2 by 2 example
(
15 2
14 3
)
3 by 3 example
⎛
⎝1 13 33 8 6
6 1 10
⎞
⎠
5 by 5 examples (i)
⎛
⎜⎜⎜⎜⎝
1 11 10 6 5
5 8 13 8 15
15 10 14 7 3
3 0 8 0 6
6 5 12 12 14
⎞
⎟⎟⎟⎟⎠ (ii)
⎛
⎜⎜⎜⎜⎝
15 5 6 10 11
11 8 3 8 1
1 6 2 9 13
13 0 8 0 10
6 5 12 12 14
⎞
⎟⎟⎟⎟⎠
(iii)
⎛
⎜⎜⎜⎜⎝
0 0 0 15 2
0 0 0 14 3
1 13 3 0 0
3 8 6 0 0
6 1 10 0 0
⎞
⎟⎟⎟⎟⎠ (iv)
⎛
⎜⎜⎜⎜⎝
0 0 1 13 3
0 0 3 8 6
0 0 6 1 10
15 2 0 0 0
14 3 0 0 0
⎞
⎟⎟⎟⎟⎠
2.2. Application of centro-invertible matrices
There is oneparticular example of a real application inwhich centro-invertiblematrices occur natu-
rally; this arises in the analysis of the ACORN algorithm (which is used for generating pseudo-random
numbers that are uniformly distributed in the unit interval). The kth order Additive Congruential
Random Number (ACORN) generator is deﬁned by Wikramaratna [1,5] from an integer modulus M
(which should be a large integer, typically equal to 2i for some integer i; values of the form pi where
p is any prime number can also be considered), an integer seed Y00 satisfying 0 < Y
0
0 < M and an
arbitrary set of k integer initial values Ym0 ,m = 1, . . ., k, each satisfying 0 Ym0 < M by the equations
Y0n = Y0n−1 n 1 (1)
Ymn =
(
Ym−1n + Ymn−1
)
mod M
n 1, m = 1, . . ., k (2)
where (Y)mod M means the remainder on dividing Y byM. The Y
m
n can be normalised to the unit interval
by dividing byM.
Xmn = Ymn /M n 1 (3)
Wikramaratna [6,2,7] proves that the sequences generated using the kth order ACORN generator con-
verge (in a sense that is deﬁned in [7]) to being k-distributed. A result that is of particular relevance
to the subject of the present paper is the equivalence of the kth order ACORN generators to a matrix
generator with a particular form of k by kmatrix which turns out to be centro-invertible [2]. Examples
of these ACORNmatrices are given in that paper for values of k up to 12; the general form of the ACORN
matrix is also speciﬁed for arbitrary k.
It is possible to obtain a centro-invertible matrix of any size simply by selecting the appropriate
ACORN matrix. The 2 by 2 and 3 by 3 centro-invertible matrices given above are ACORN matrices
(modulo 16), as is the ﬁrst of the 5 by 5 examples.
The remaining examples are not ACORN matrices. The second 5 by 5 example is equal to –I times
the ﬁrst 5 by 5 example,modulo 16. Each of the last two 5 by 5 examples is a block anti-diagonalmatrix
for which the sub-matrix blocks on the anti-diagonal are themselves centro-invertible (compare the
sub-matrix blocks on the anti-diagonal with the 2 by 2 and 3 by 3 examples).
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2.3. Some properties of centro-invertible matrices
It is useful to list some key properties of centro-invertible matrices. Proofs of these results are
straightforward, and will not be included here.
• The inverse of any centro-invertible matrix is itself centro-invertible.
• If a matrix is centro-invertible modulo M, then so is that same matrix raised to any positive
integer power, moduloM.
• The determinant of any centro-invertible matrix must equal either +1 or −1 (when working
modulo M, this means in effect that the determinant must be either 1 or M − 1). It is worth
observing inpassing that all theACORNmatriceshavedeterminant+1; in thecaseof the second5
by 5 example above, the determinant is in fact equal toM − 1 = 15which shows that this cannot
be an ACORN matrix.
• Any block anti-diagonal matrix having involutory sub-matrix blocks on the anti-diagonal and
zeroes everywhere else is itself an involutory matrix. The last two examples of 5 by 5 centro-
invertible matrices given above both take this form.
A more complete analysis of the properties of centro-invertible matrices is a topic for further
research.
3. Relationship between centro-invertible and involutory matrices
The remainder of this paper is restricted to a consideration of k by k matrices over the integers
modulo M (where M can take any ﬁnite integer value, either prime, a power of a prime, or a value
having a composite prime power factorisation).
Theorem 1. There is a one-to-one correspondence between the k by k centro-invertible matrices with
integer components and the k by k involutory matrices with integer components.
Proof. The matrix product (XJ)2 = XJXJ = XXR . Therefore (XJ)2 = I if and only if X is centro-
invertible. This establishes a bijection (a one to one ontomapping) between centro-invertiblematrices
and involutory matrices. 
Corollary 1. The number of centro-invertible matrices that exist (modulo M) for any given size of matrix
is identical to the number of involutory matrices that exist for the given M and size of matrix.
Proof. Follows immediately from Theorem 1. 
Note that (XJ)J = X(J2) = XI = X so that the inverse mapping, from the involutory matrices to
the centro-invertible matrices, is precisely the same as the original mapping.
The mapping selected in the proof of Theorem 1 given above is not unique – it is possible to deﬁne
several different bijections between the centro-invertible matrices and the involutory matrices. For
example, pre-multiplication by J as well as either pre-multiplication or post-multiplication by (−J)
can all be used to deﬁne alternativemappings. The corresponding proofs are entirely analogous to that
given above.
Finally, it is straightforward to verify that, for each of the examples of centro-invertible matrices
given above, the corresponding matrix XJ is indeed involutory.
3.1. Enumeration of centro-invertible matrices
Theorem 1 and Corollary 1 above tell us immediately that the likelihood of a randomly selected
matrix turning out to be centro-invertible is exactly the same as the likelihood of it turning out to
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be involutory, since the numbers of different matrices of each type must be identical. In addition, the
theorem allows existing results concerning the number of involutory matrices that exist (modulo M)
for any given size of matrix to be used to derive analogous results for centro-invertible matrices.
This leads to the following Corollaries 2–4 covering the cases whereM is either a power of an odd
prime, a power of 2, or a composite number having several different prime factors raised to different
powers. The analogous theorems for involutorymatrices have been reviewed and restated by Overbey
et al. [8], including reference to their original sources as detailed below. Some minor changes have
been made to some of the notation and variables compared with Overbey et al., in order to maintain
consistent notation throughout this paper.
Corollary 2. For a k by k integer matrix X, the number of centro-invertible matrices modulo pa+1 for an
odd prime p and a 0 is given by
T(k, pa+1) =
k∑
t=0
(
gk
gtgk−t
· p2t(k−t)a
)
(4)
where g0 = 1 and gt is given by
gt = pt2
t∏
i=1
(
1 − p−i
)
=
t−1∏
i=0
(
pt − pi
)
0 < t  k (5)
Proof. Follows immediately from Corollary 1, when combined with the corresponding theorem for
involutory matrices due to Reiner [9], page 774, who proved that the number of solutions of the
equation X2 = I (mod pa+1) (which in turn is equal to the number of k by k involutory matrices
modulo pa+1) is given by Eqs. (4) and (5). 
Corollary 3. The number T(k, 2n) of k by k centro-invertible matrices modulo 2n is given by one of the
following Eqs. (6), (7) or (8) depending on the value of n, where as before g0 = 1 and gt is given by Eq.
(5).
T(k, 21) = gk
k/2∑
t=0
(
2−t(2k−3t)
gtgk−2t
)
n = 1 (6)
T(k, 22) = gk
k/2∑
t=0
⎛
⎝2k2−4tk+5t2
gtgk−2t
⎞
⎠ n = 2 (7)
T(k, 2n) = 2k2gk
k∑
t=0
22t(k−t)(n−3)
min(t,k−t)∑
r=0
(
2r(3r−2k)
grgt−rgk−t−r
)
n 3 (8)
Proof. Follows immediately Corollary 1, when combinedwith the corresponding theorems for involu-
tory matrices due to Hodges [10], page 520 for the case n = 1 and Levine and Korfhage [11], page 644
for the cases n = 2 and n 3. Note that there was a minor typographic error in the formula originally
quoted in [11] for the casen = 2 (corresponding to Eq. (7)), as has beenobservedpreviously byOverbey
et al. [8]. 
Corollary 4. Let M = pn11 pn22 . . .pnrr be the prime power factorisation of M. Then the number of k by k
centro-invertible matrices over the integers, modulo M is
T(k, M) =
r∏
j=1
T
(
k, p
nj
j
)
(9)
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Fig. 1. Number of k by k centro-invertible matrices (modM), plotted against the modulusM on logarithmic scales, base 10.
Proof. Follows immediately from Corollary 1, when combined with the corresponding result for in-
volutory matrices due to Levine and Korfhage [11], page 652; note that there is a minor typographic
error in the restatement of this result for involutory matrices by Overbey et al. [8]. 
3.2. Numerical results
Overbey et al. [8] evaluated the expressions T(k,M) given by Eqs. (4), (6), (7), (8) and (9) in the case
k = 3 for all values of M less than or equal to 100 (their interest was in the number of involutory
matrices that exist; however as proved above, the numbers of involutory and centro-invertible ma-
trices are identical, for any given size of matrix and modulus). Plots included in that paper show the
relationship between the number of 3 by 3 involutory matrices that exist moduloM and the modulus
M, using linear axes.
In this paper, the expressions T(k,M) have been evaluated for the same range of values of M and
for values of k between 2 and 10. It is instructive to plot the logarithm (base 10) of the number of
centro-invertible matrices against the modulusM plotted on a logarithmic scale (see Fig. 1). For each
size of matrix the points plot approximately as a straight line through the origin with the gradient of
the line depending on the size of the matrix (although there is a signiﬁcant ‘random’ scatter about
that line). The total number of possible k by k matrices modulo M is N = M(k2); if the proportion of
matrices of any given size and modulus that are centro-invertible (equal to T(k, M)/M(k
2)) is plotted
using the same logarithmic axes this gives a similar set of lines with negative gradients (see Fig. 2).
The expressions for T(k,M) discussed above can be evaluated exactly for small values of k and M.
For larger values of k and M it is useful to have approximate order-of-magnitude estimates that are
more straightforward to evaluate. For each of the points plotted in Fig. 1, it is possible to determine an
approximate empirical relationship between the number of involutory matrices T(k,M), and the total
number of matrices N = M(k2) of the form
T(k, M) ≈
(
M(k
2)
)α ; log10(T(k, M)) ≈ αk2 log10(M) (10)
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Fig. 2. Proportion of kby kmatrices (modM) that are centro-invertible, plotted againstmodulusMon logarithmic scales, base 10.
The following table shows, for each value of k between 2 and 10, the minimum, maximum and
average values obtained for the parameter α whenM ranges between 2 and 100.
k 2 3 4 5 6 7 8 9 10
α Minimum (2 < M < 100) 0.500 0.462 0.500 0.486 0.500 0.493 0.500 0.496 0.500
Maximum (2 < M < 100) 0.622 0.579 0.559 0.545 0.536 0.529 0.524 0.521 0.518
Average (2 < M < 100) 0.530 0.497 0.514 0.502 0.508 0.502 0.505 0.502 0.504
It can be observed, by inspection, that for each k the average value of α is approximately 0.5 so
that order(
√
N) of the N = M(k2) different k by k matrices modulo M are centro-invertible. Thus the
proportion of these matrices that are centro-invertible turns out to be of order (1/
√
N). It should
be noted that this approximate relationship is purely empirical and based solely on the results of
numerical experiments. The question of whether it is possible to infer the order (
√
N) approximation
(or other similar estimates) directly from Corollaries 2–4 remains a topic for further research.
The numerical results presented in this paper illustrate both the large numbers of centro-invertible
matrices that exist even for small modulus M and moderate matrix size (k by k) and the extremely
small likelihood of such a matrix arising by chance.
As an example, consider the case of k = 10, M = 100, the total number of possible matrices is
over 10200, of which some 10100 are centro-invertible; the proportion of possible matrices that are
centro-invertible is approximately 10−100.
In a typical practical implementation of the ACORN algorithm for use as a pseudo-random number
generator Wikramaratna [7] recommends a choice of k of at least 10 (typically between 10 and 20)
andM = 230p for a small integer value of p (typically p = 2 or 3). The proportion of possible matrices
that are centro-invertible in such a case would be trulyminiscule (typically in the range 10−1000 down
to 10−10000 or even smaller). Since the modulus is a power of 2, Corollary 3 would apply in this case.
However it should be observed that this is of theoretical interest only and that the numerical results
given here have no direct bearing on the implementation or the running of ACORNalgorithm. Although
the algorithm is designed in such a way that it is equivalent to a particular matrix generator, there is
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a much more efﬁcient way of implementing the algorithm that avoids any reference to its matrix
form [2].
4. Conclusions
Anew type ofmatrix has beendeﬁned,which is called a centro-invertiblematrix. It has beenproved
that there is a one-to-one correspondence between the centro-invertible matrices and the involutory
matrices. This allows existing theoretical results for involutorymatrices to be used to derive analogous
results for the number of centro-invertible matrices that exist modulo M for any given size of matrix
and for any positive integer value ofM.
Wikramaratna [2] described the centro-invertible property possessed by ACORN matrices as ‘an
unusual and quite remarkable property’. The theoretical analysis and numerical results presented in
this paper illustrate just howunusual the property is, andprovide a clear justiﬁcation for its description
in those terms.
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